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Most of the conjectures and open problems related to the global approximation
by Kantorovich operators are solved.

1. INTRODUCTION

In 1973 Berens and Lorentz [4] proved for the Bernstein polynomials

p—

B0 =3 r () (3 ) #a -0t 0<x<

—0 n

that |[@=%(B, f — M.,y < Kn™ ¢ and ”Ai(f)”ah,n—h) <Kh*® (0<ac< 1)
are equivalent, where ¢(x) = x(1 —x) and

A4S x) = flx ~ B)— 2 (x) + f(x + h).

A dual result is due to Lorentz and Schumaker [6] and Ditzian [5], namely,
that ||B,f = flico.y <Kn™* and ”(Padi(f)”ah.l—m < Kh*® are also
equivalent.

Since in integral metrics the polynomials B, f cannot be used to approx-
imate the function, Kantorovich suggested the following modification:

KS0)=Y ((+1)]

n (k+1)/(n+1)
k=0 ( “k/(n+1)

f) du) ( Z ) XK1 = x)"k,

Apart from the saturation case a =1, the integral analogue of the above
results was not settled until very recently. In [12, 13] we gave the charac-
terization of || K, f — fll,00.1) < Kn~® by means of first and second order

' K always denotes a positive constant not necessarily the same at each occurrence.
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differences, and the aim of this article is to answer most of the conjectures
and open problems which arose in this circle of problems.

The saturation case a=1 was settled by Maier [7,8] and
Riemenschneider [9], and further equivalent statements were found by
Becker and Nessel [1] (inL'), and Becker et al. [3] (in L?, p > 1). In the
following, || - ||z, ¢ denotes the sum of the total variation and the supremum
norm, F(x) = [3 f(¢) dt,

Ai(fi x)= flx + h)— fx),
and

AF(f3 X) = xf(x — (1 = x)h) — flx) + (1 — x)f(x + xh).
With these notations they proved

THEOREM A [7,1]. For f€ L'(0, 1) the following are equivalent:

(l) ”an—f”Ll(O.l)gKn“l; (n: lv 2"")5
(i) fis absolutely continuous® and gf ' = n is of bounded variation on
[0, 1} with n(0)=n(1)=0;
(iii) “(pdi(F)”BV+C[h,l-h] < KR (k> 0);
V) N 4FFE Ny + ctara s moasa s < Kk (B> 0).
THEOREM B {3,9]. If 1< p< oo and f€ L?(0, 1), then the following
Statements are equivalent:

() IK,S = flleeco,ny <Kn~'(n=1,2,.);
(ii) f has an absolutely continuous derivative f' with (¢f’') €
LP(0, 1);
(i) |[(@A3E)) o - < KR (1> 0);
(iv) ”(A;T(F))'||Lp(h/(1+h).1/(l+m) < Kh? (h > 0).
For 0 < a < | they stated

Conjecture 1 [1,2]. If0<a<1andp=1, then
[Knf = fllioo,n <Kn™*  (n=1,2,.) (L.1)
is equivalent to

?
o A5(F Moy + cina—m < KR (h>0). (1.2)

2 This naturally means that f coincides a.e. with an absolutely continuous function.
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Conjecture 2 [1]. For 0 <a <1 and p=1, (.1.1) is equivalent to

|| «r lA*(F‘)“BV+C['I/(1+h) l/(l+h)] hza (h > O) (13)
Conjecture 3 [3]. If 0 <a <1 and 1 < p < oo, then (1.1) is equivalent to
[(@*43(F)) leocn,1—m < < Kh'e (h > 0). (1.4)

Conjecture 4 [3]. ForO<a<1land 1< p<oo,(l.1)and

1€@® ™ AEED ochsir + w11 sy < KB2® (h>0) (1.5)

are equivalent.
In [12, 13] we proved

THEOREM C. If 1< p< oo, fEL?0,1) and 0 <a < 1, then (1.1) is
equivalent to

143 /e Meonrs—nny + B2 N A Mooy S KB (R>0). (L.6)

THEOREM D. If 1< p< oo, fE€LP0O,1) and a=1, then (1.1) is
equivalent to any of the following:

(i) [ has an absolutely continuous derivative with ¢f " € L°(0, 1);
(i) ez Mo —m < Kh? (> 0);
(iii) ”A \/_(f)“u’(h2 1—k?) < KR’ (h>0).

Concerning these results the following questions arise:

Problem 1 [12,13]|. Can we drop the second term in (1.6); ie., for
1< p<oand 0 <a<lis (l.1) equivalent to

”AIZr\/E(f)“Lp(hZ.l_hl) < Kh*® (h>0)?
Problem 2 [12,13]. For 1 { p< o0 and 0 < a < 1is (1.1) equivalent to

”(paAh(.f)”LP(h t—m T A* ”Ah(f)“LP(O 1-m S Khza (h>0)? (L7)

On the positive real line the analogue of the Bernstein operator is the so-
called Szasz—Mirakjan operator, the integral-modification of which is

o (A0

fw) du) e 2 (x>0).

@ Ak+1)/n
Sife)= 3 (n]
k=0

Jk/n

For these we proved in [11, 13]
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THEOREM E. If 1 p< oo, fE€LP0,0)and 0< a<l, then
N SE — fllioo. 0y S Kn—? (n=12,..) (1.8)

is equivalent to

14 /e U Mero, o0 + A% N AR Nino,c0r S KR (B> 0)  (1.9)
where ¢,(x) = x.
THEOREM F. If 1< p< o, fELP0, o) and a=1, then (1.8) is
equivalent to any of the following conditions:
(i) f has an absolutely continuous derivative with ¢, f" € L?(0, o0);

(i) || (SCY=2C +h) + (- + 20| oo.0) < KR (B> 0);
(iii) hvw,(f)HLP(hZ o) < KA? (B> 0).

Let us note that for p =1 the analogue of Theorem A holds just as well for
S¥ as can be seen from the considerations of [11].
For the operator S;¥ we raised two problems:

Problem 3 |11, 13]. Can we replace (1.9) in Theorem E by

14k Moo, o) S KR (h>0)? (1.10)
Problem 4 [11,13]. Can we replace (1.9) in Theorem E by

”wlllAi(f)”LP(h.oo) + h° HA/lr(f)HLmo.oo) <Kk (h>0)?  (L.11)

Now we answer the above conjectures and problems:
THEOREM 1. If p=1, then the answer to Problems 1 and 3 is positive.

THEOREM 2. Conjectures 1-4 are false and also the answer to Problems
2 and 4 is negative.

Thus, the only undecided questions are Problems 1 and 3 in the case
1< p<ow.’?

Remarks 1. We shall prove that the answer to Conjectures 1 and 3 as
well as to Problems 2 and 4 is negative for every 0 <a <1 and p> 1.
However, in the case of Conjectures 2 and 4 the proof is considerably
simplified if we assume ¢ < 3, so we shall disprove these conjectures only for
@ < 3. On the other hand, our opinion is that although the differences 4% are
interesting, they are only of secondary importance, and Conjectures 2 and 4
are rather crude compared with Conjectures 1 or 3 (see the proofs below).

* Note added in proof. The answer to Problems | and 3 is positive for 1 < p < oo, as well.
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2.  We shall show that conditions (1.2), (1.4), (1.7), and (1.11) are not
sufficient for (1.1) and (1.8), respectively. On the other hand, neither are
they necessary as will be indicated at the end of the proof. Thus, in the
nonoptimal case 0 < a < | the only suitable characterizing second difference
seems to be 45 75/ x).

2. PROOF OF THEOREM 1

We have to prove that if ¢(x) = x or ¢(x) = x(1 — x), then

”Afzz\/,z(f)HLl(hZ.b(hn < Kh*® (2-1)
implies

I'A;I(.f)||Ll(o,b(\/E)) < Kh?, (2.2)

where b(h) = oo if ¢(x) =x, and b(h) = 1 — A if p(x) = x(1 — x).
First let us consider the case ¢(x)=x which corresponds to the
Szasz—Kantorovich operator. Let

1 -k
)=z [ s+
For this we have
K =S =5 | e+ 0= a

%
=2£:J0/ O+ VX =200 + fx —uv/x) du

and if we assume (2.1), we have

[ 1w - sl ds < §f; (42 5(f: )| du dx

oo ‘2i+lh\/2iT VR
<{§0-‘zm \/ﬁ ’

2i+l \/;W o
J 2“du<Kh"_2 o L Khe.
)]

i=0

|45, /2(fs X)) du dx

<0

(2.3)
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This yields for u > A,
2

1 .2n 2k
(— tf(u—h+t)dt—‘ Sf(u—nh +t)dt’
2h )y Ju
= || Uax) =) dx| <Kh®,
ie.,
o)
| Su—h+10)X,0)dt ’ < Khe,
Yo
where
X, (t)y=1t/2h if 0<t<h,
W)=t/ < 24)
=t/2h—1 if h<rg2h
Now
X3(8) = 31X (1) — 31X, )t — h) = 4 if h/2<t<h,
=1 if hgt<3n/2,
and we obtain from the previous estimate
-u u+h2
o= foa|
“u—h/2 Su
<|f sw=nr02m,0 ]
<0
+ [ fa—h+ )X, 0 dr [
<0
-0
+ ’ | flu—h +t)X,,.,2(t—h)dt' < Khe;
-0
i.e., with 24 instead of #/2,
|fo() = fulx + 2B < KR®™' (x> 3h). (2.5)

For arbitrary a > 0 we obtain from (2.3) and (2.5)

bh+a

17w — s+ 2y a
P+ 2h) —f(x + 2)] dx
3k

ta

<7 1@~ ol de + |
3h+ta

[ £ — Sl + 28] dx < Ko
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with a K independent of a. This yields for 5 > 0

|

Jh

2h+b

)~ fx + WD s <K, |
b K

h+

" | f(x + h/2) — f(x + h)| dx < Kh©,

and adding these two inequalities we obtain

2h+b

JM |f(x) = fx + h)dx < KR (62>0),
and together with this also
J':h [f(x) — f(x + k)| dx < Kh®. (2.6)
Let
w@) = sup [f)=SC + Ml

By (2.3) and (2.6)
J:O 1£(x) — f(x + ) dx
<[ -+ myae+ 1709~ S0 s
+ ]:: |f(x + B) — fix + )| dx + J; | £(x) = flox + R)| dx

.o h
<Kh°+| ‘lf,’,(x+t)|dtdx
Y3h 70

o ]

.h
< Kh® +'|0 d[.‘y, 55

LfOx+ 1+ h)— f(x + £ — )| dx
< Kh® + h—— w(2h) < Kh® + — w(2h);
S 2 VS 7 L)

i.e., for w we have
w(h) < Kk + w(2h).

Iterating this k = [log, 1/A] times we get

I I I
w(h) <K (ha o QR 4ot (251 ) o 02 ) KR (27)
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Now
2h -3 LT
[, f@ldx=| £ dx—| 170+ h)dx

<[ 176) = £+ ) dx < K,

and adding these for #/2, #/4, etc., we get [1|f(x) dx < Kh®, and together
with this also

|10 = S + ) dx < K. (.8)

We obtain (2.2) by adding (2.7) and (2.8), and the proof is complete in
the case @(x) = x.

Let us turn to Problem 1, to the weight ¢(x) = x(1 — x). Exactly as above
we get

\/(F(xd) e

Veln
150 = £ < YZE [ 1L fs 0

and

1

[ 1A ~swldx =]+

1-h
< Khe.

[,2
Now there is a point x, € (3, 7) (e.g., a Lebesgue-point of | f]) for which

1

o<k @9)

is satisfied. With the functions (2.4) we have (let f(x)=0 for x & |0, 1})
| (fulx) — f(x)) dx

= J'OO Su—h+0X,0)dt— |& Sflxo—h+ 1) X, (t) dr

- "°° fu—h+ 1) X, (1) dt + 2 (h),
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and since the left hand side is ?(h®), we obtain for A <4 and 3h<u<
1—3h

Mme—h+0X“0m < Khe.

Using this and (2.9) the proof can be completed as above.

3. PROOF OF THEOREM 2

For 0 < a < 1 and ¢ < a’/4 let us consider the function (see Fig. 1)
Jalx)=0 if |x—al>e
=e '(x—a+e) if a—e<x<g<a—g/2 o)
=l—eYx—a)} if a—e2<x<a+¢2

=
=¢(x—a—¢) if a+e/2<x<ga+e.

Our counterexamples will be built up from the functions f, , with suitable a’s
and ¢’s.

Let ¢,(x) =x. We shall use the following estimates in which K denotes
absolute constants.

1. For h* =¢/\/a we have

A,Z,,\/m(fa's; x)=0 if x€& (a— 3¢ a+ 3e), (3.2)
and
14k or S Ml oz, 01 > 58" (3.3)
A
L]
fa,s

FiG. 1. The function f, .
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In (3.3) use that A} (foesX) >4 when x € ([3(VA* +4a + h*)]%,
[L(/A*T ¥ 4(a + €/2) + h*)]?), i.e., x — h* \/x € (a,a + ¢/2), and

BW/A* + 4@ +¢e/2) +h®))* — [A3(Vh* +4a+ h¥)|* > ¢/2.
2. Furthermore,

hegl’r if a<gh
oS ai(fo.Mion.c) <K {a%e'” if e<h<a
a%e'P-1p? if 0<h<e.

Indeed, the second estimate follows from the fact that 4,(f, .;x)=0 if
| x —a| > h + ¢, and in the last line use | f7 (x)| <27 % (ae.).

3. Moreover,

el’v if e<h

4, ooy S Ky, .
” h(./;z,E)”L (0,00) gl,rp—lh if 0<h<6.

(3.4)

Here one has to use |, (x)| <& "

4. Let F, (x)= |3 fo.{t)dt. Clearly, |F, <¢&, hence we have the
estimates

0 if a+e+h<x
|05 (x) A4(F, s ) < K {0t (x) if e<h (3.5)
a®e 'h? if h<e.

I. We have a counterexample for Problem 4. Let n > O be an integer,
0<a<i, n a small positive number, and a;,=a!” =a/2" (i=1,2,..,n).
Suppose 7 is so small that n < a,/2 is satisfied.

Let e;=n/a; (i =1, 2,..., n) and

gxX) =g, . ,(X)= N n*e VPf, ().

Clearly,
/
a ra
Mg (s5—Ma/z7-a)s
support & = (2" V7 )
and
| &n.a,nllLr0, 00 < ; ntee; VP Ilfa,-.e,—”Lﬂ(O.oc)

[4=

< N plegsrelP L npte L n2 7 L K. (3.6)

4
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If n is sufficiently small, then a,,; + 3¢,,, < @, — 3¢, (i=1,..,n— 1), and
in this case we get from point 1 above

1458 aMleoinr,ccr = 51770 (3.7)

Point 2 gives
'IZQha < nahZa if a; < h
losdim™ e ofy, eMlinno) <K § @fn® if &<h<a
el*~th? if 0<h<e,.
Using this we show that for # > 0
H(P?Ah(gn aollLech.co) < Z “‘P?Ah(ﬂzae_”p a; s)”LD(h o S < KR*. (3.8)

—

In fact, if 2 > ¢, =n+/a,, then the sum in the middle of (3.8) is at most
KUZa 2 a +Kn ahZa <K’72a a +Kh2n <Kh2a
Ifg;,, <h<g (i=l,..,n—1), then the sum in question is at most
K S a;xnh: +K 2 eia——ZhZ <Ka?+,?72“ +K8?n~2h2 <Kh2a,

Jj=i+1 Jj=1
and we can argue similarly when h < ¢, to deduce

l‘(p7di(gn,a,n)lan(h.w) <K 2 8}‘1_2}'2 < Keia_zhz < Kh*e.

ji=1

Our next aim is to estimate || 4,(&,.4..M1s0.50,- FOr €, < h we obtain from
point 3

n
” h(gn a. ry)”LD(O o) 2 nZaai—l/p ”A;r(fa,-,e,-)”L”(h.oo)

i=1

< Knn*e < Knn(e,/\/a,)°
< K(nn®a, *'*) h* < Kh°.

For & < g, we have

”Ah(gn a, n)”LPU) oo) K v l_lh ganaﬁ;lh

i= l

< Kn®a;*¢®'h < Kh®,
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and this together with the previous estimate gives for all # >0
1 44(8n.a.m)lLo0.cc) < KA. (3.9)

Let us now turn to the construction of the counterexample. Let (n;, a;, ;)
(i=1,2,..) be a sequence of triplets for which the above estimates hold (i.e.,
{n;} decreases sufficiently rapidly), and for which

[s 8}
N o (i=1,2,.).

J
J=it1

Since g, . ,. is absolutely continuous, | g, .. ,|<K;, and g, ,, ,(x)=0 for
x<a,/2" —n\/a,/2", there are constants 4; with

||Aizx\/a(gn,-.a,-.n,-)||mh2.oo) <4,k

We may also suppose that

i—1
NoAn P (i=2,3,.).

j=

Let now

)= 17"y g0 (%)

i=1

where we may suppose (by appropriate choice of {(n;,a;,n;)};,) that if
(pi,q;) is the smallest interval which contains the support of g, , , and
p;= D! =31, q;,=q] + 3n,, then the inequalities gq,+ 7, \/q_,-< pj_, and
gl < pi—n; \/q_, are satisfied for all i > 2. This gives for x € (p;, q;)

—1/2p

A o) =45 Joa (8, a3 X)- (3.10)

By (3.6) we have

18

I/ 20,0y < K n " < oo,

1

i.e., f€ L?(0, o0). Now (3.8) and (3.9) give

n- l,r’thla < Kh2a’

i

[ 48

”(p?Ai(f)“LP(h,oo) <K

[ 18

ny'*Ph* < Kh°.

44 Lo, 000 < K

Ih
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However, taking into account (3.2), (3.10), and (3.7), we obtain for h =1,
(i=2)

2
ket Meocnz,c0
-~1/2
>HAIZW @ n; ! pgn,-.a,.n,-)HLﬂ(hz.oo)
i—1 O
A 2 —1/2,
(X S )i 8 o
=1 Jj=i+1
1 i—1 =4}
al — - —_
2?"}/2%2& — 2 A V2p? — K E_ ln; l/ZPgnj.a,.njuLp(o,ac)
j=1 J=i+l
1 1/2pp2a 1/2pp,2 \2 - 1/2p ] 1/2pg2a
2—8~ i h —n; h"—K A (G }—8—111- h

J=i+1

_ nil/thz __Kn’?a 2_110_n:/2ph2n

for sufficiently large i, i.e.,

”AIZIV";;(-/‘)”LN(IIZ.OC:) = Cﬁ(hm)-
Thus, for our f, (1.11) is satisfied but (1.9) does not hold. This proves, by
Theorem E, that condition (1.11) is not sufficient for (1.8) to hold.

II. For Problem 2 one can argue as above with ¢(x)=x(l —x)
instead of ¢,(x)=x. Clearly, x(1 —x) and x behave similarly in the
neighborhoods of the origin (the factor (1 — x) does not play any role), thus
the considerations of point I above work also for ¢. The necessary changes
are obvious.

III. Since we proved above that condition (1.7) is not sufficient for
(1.1), to disprove Conjecture 3 it is enough to show that (1.7) implies (1.4).
In fact,

(9 (x) 45(F: x))' = °(x) 43(f3 x) + ap® " '(x)(1 — 2x)

X |'h (fx+0)— flx—h+1)dr,
and so (1.7) gives
1@ 4N Wioch.s - m

-k
<O A Mo + 1 | [ 40 =S~ kot o) e

LPth,Y ~hY

SR+ KR U0 = S~ Bt Dl

h
< Kh*® + Khe! | he dt < Kh?e,
Jo

640/37/1 5
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where we used that the L”-norm of an integral is not greater than the integral
of the corresponding norms (see [10, p. 271}).

IV. Let us consider Conjecture 1. Here p =1, and first we show that
for the function f given in II (see also I) we have

l@®(x) 43(F; x)| < Kh*® (h<x<1—h), (3.11)

where F(x)= {3 f(t)dt. Clearly, it is enough to prove the analoguous
relation for the function f constructed effectively from I.
By (3.5) we have (seeI)

0t AhFayste 187 Wew,or < Kn*2(a/20)* + Kn**h;

hence we obtain for ¢,,, <h<¢ and G, , , = |3 8,.,.,(t) dt (see also 1)

” (p[lei(Gn,a.n)”C(h.ao)

n n i
<K Z nZa(a/zj)a+K Z nlaha +K2 ejga-zhz

j=it1 j=i+1 j=t

<K"2a(a/2i+l)a +K’7a(a/2i+l)—a/2 ne;z+lha +K8?a_2h2 <Kh2a

(take into account that &, =7 y/a/2'). A similar estimate can be given for
h < ¢,. Furthermore for 4 > ¢,, we have

n
10344G a.llcino) KN X (@/2') + Knn**h®

< Kn*®a® + Knn®(a/2) °* e2h® < Kh*.
The above inequalities give

[ve)
9SA5FEcin.cor S K D mi 112Phe < Kh*e

i=1

as was stated above.
Now F(x) = |3 f(¢) dt is absolutely continuous; hence exactly as in III we
obtain from (1.7)

I (padi(F)"BV(h.l—h) = ||(‘PaA12.(F))' lzwaa—m < Kh*®.

This and (3.11) show that for this £, (1.2) holds but (1.6) is not satisfied;
hence, by Theorem C, (1.2) is not a sufficient condition for (1.1).
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V. We disprove Conjecture 4 for @ <3 and p > 1. For the second
difference 4 and for ¢(x) = x(1 — x) we have

(0° ™ (x) AF(F; x))
= (a0 — 1) 9 72 (x)(1 — 2x) 4}(F; x)
+ ¢ ()(F(x — (1 — x)h) — F(x + hx))
+ 0% ()0 (x — h(1 = X)) = f(x) + (1 —x) f(x + hx))
+ 027 (x) h(xf(x — h(1 — x)) + (1 — X) f(x + hx)).

Let us consider the functions f, , from (3.1) (¢ < a’/4), and let F, [(x)=
(% f. () dt, h, = 2¢/a. A simple calculation gives

“‘I’Q—ZA;T. Fa.e)”l,n(h,/u+n,).|/<1+h.))
gKa“‘zsh}/"<Ka“‘2'“”e'+”",

”(PQ_I(F(' —(1=-)h)—-F( +h '))”Li’(h,/(l+hl).l/(l+h|))
<Kaa—lgh}/p < Kaa~l—l/p81+|/p,

o Ay (- S =R (1= )+ (L= )fC+ R Dleanyasnpanisnm
<Kaa—lhl£l/p<Kaa—281+l/p,

”(I’a_l('f(' _hl(l - ))“f"‘ (1 - )f( + hl ')”Lp(hl/(l+h|).l/(l+h1))

0 =0 (x+ 2 )

.a—(3/2)e

> [P

with a ¢ > 0 independent of ¢ and &.
These imply

p
dx! >ca®* 'e'”

l(e*~ lA*(Fa D oo+ apama s 2 €18°° ! l/p> 2 a’e"lglrteple
(.12)

provided ¢ is sufficiently small compared to a. At the same time we obtain
from (3.4) and (3.13) (see below)

143 /oo Neonri—nn + B 1 4aa.Miro.1 —-m < Ka®e'P=2eh

for every h > 0.
Thus, putting

ga‘e(x) =a _ab‘zn_l/pfa.s(x)s Ga.e(x) = J’x ga.e(t) dta hl = 28/05
Q
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we have

I &a.cllzro.1y = a~ gl Ifa.ellioo.n < a e a'?,
”Alzt\/;(ga.ﬂ)“lﬁ(hz,l _m;mt h* HA;r(ga.s)”l_P(O.lAh) < Khza (h > 0)9

a — ! C a -~ a
”((ﬂ l’A;lk,(Ga.e)) “l_l’(hl/(l+I1l).|/(l+h|))2"’2_‘a2 lh% .

Let

ac
Jo)y=Y ai' g, o(x).

i=1

If the sequences {a;}, {g;,} decrease sufficiently rapidly, then we get from
2a < 1 and from the previous estimates that f € L*(0, 1), f satisfies condition
(1.6) but it does not satisfy (1.5) (see also the argument of I above); hence.
by Theorem C, condition (1.5) is not necessary for (1.1).

VI. Concerning Conjecture 2, we shall show that for a function f
satisfying (1.6)

10® " BFFconser s mrosit s an = C ),

so that condition (1.3) is not necessary for (1.1). We follow the argument of
the previous point. With #, = 2e/a we have a — ¢ > a/(1 + h,), so

a1 a * a
4 LA
¢ (l+hl) ”I(F“ 1+h,)

e a __a a a
=9 (1+h,)(l 1+h,)F“"'(1+h,+h‘1+h,)

>ca® e (e>0)

ie.,

(NI¥e!

- la~1,1-2ap2
llp® lA;,k,(Fa.e)”C(h,/(1+Iz,),1/u+lm)> a** el T,

and we can argue as above in V (see the analogous inequality (3.12)).

VIL. Finally, let us show that condition (1.11) is not only not
sufficient but it is neither necessary for (1.8). The same argument shows that
(1.7) is not necessary for (1.1), and since ||4;(/Mro.1-m < Kh® is also
satisfied below, we obtain at the same time that neither (1.2) nor (1.4) is
necessary for (1.1) (see the argument of III above).
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The idea of point I was to keep the quotient ¢;/+/a; fixed, where roughly
speaking,

”Alzt\/w_,(f;z,-.e,-)“LP(hz,oo)/hza

has its maximum. Here we fix ¢ around which the quotient

o Ai(fa Nirn.con/ A
attains its maximum.

Thus, for n >0, a >0, ¢ > 0, let

fn a, e(x) - ‘ a 2a P a; E(x) a;,= a/zi (l = l’ 2""’ n)

i= l

(the definition of f, . was given in (3.1)). For the functions f, , a simple
calculation gives

e'” if e/\/a<h
H 10 < .
Il \/_(»fa e)”LP(h ,o) & K higt/P—2g if h<a/\/5, (3.13)
AN f, 3 x)=0 it |x—al>2e, (3.14)
”(plllAs(fa,e)“LP(s,oo) /Caagl/p (¢>0). (3.15)

Using these we show that
”AIZIV/:;—,(.fn,a,c)”LPthl.oo) < Khza* “Alll n.a.s)”L"(O.oo) < Kha'
In fact, for ¢/\/a,,, < h <&/ \a; (i: 1,2,.,n—1)

14h/a e Mesin ) < Va &2 | Sy ellesinzoc

n i
<K /j 820a.—a+KZ 82a—2ail—ah2
gKez"‘a;r“, _+_Kh2€2a-za’_l—a <Kh2a,

and similar estimates hold for 4 >e¢/y/a, or h<e¢/\/a,; furthermore, by
3.4)

1=

a; e’ < K2"q " *e*h® L Kh* if e<h
“Allt n.a,E)”LP(O,OO)<K

1=

it
—

a7 e \h < K2"acehe < Kh®  if h<e
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provided ¢ is so small that £°2"%/a® < 1. On the other hand, (3.14) and
(3.15) give (we may assume @, —a;,, >4e fori=1,2,..n—1)

fo

|I (pTAtZ:(fn.a,E)”LD(c_oo) > cn I/pEZn.

Using hese estimates the same method which was applied in I shows that
r an appropriate choice of n;, a;, &; the function

oC
fxy=N n7Vf, L (x)

n=1

will satisfy (1.9) but not (1.11).

oo

10.
11

12

13.

The proof is complete.
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